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?2. The nonstandard arithmetic. The theory HAI is an extension of intuitionistic arithmetic HA. We expand the arithmetical language of HA with the unary predicate St and the denote the resulting language L'. The intended meaning of St(x) is that x is a standard number. The seven axiom groups of HAI are: (I) The axioms of HA in the arithmetical language. The infinitary calculus, HAIc,,, obtained by to HAI adding this rule will still be conservative over HA (Corollary 4.1 1). One might also try to extend HAI with the following transfer principle ( 
TR) VstYX[Ast(X) < -A*(X)]
for any arithmetical formula A(X), where Ast denotes the formula resulting when restricting the quantifiers of A to St. However we have PROPOSITION 2.1. HAI + (TR) proves the principle of excluded middle for all arithmeticalformulas.
PROOF. We prove A V -,A for arithmetical A by induction on the number of quantifiers. For quantifier free A this is immediate, since = is decidable. Suppose VxVy-(A (x, -) V -A (x, y)). By induction on z we obtain for all y (2) Vz [(3x < z) A (x, ) V (Vx < z) A (X -)]
( If an arrow by itself forms a covering family, it is called a covering arrow.
The following lemma provides plenty of sheaves over this site. 
It is straightforward to check that this constitutes a model. Let IF be the forcing relation associated with the model. We will usually write V/(X) IF-A(a) instead of the formally correct (V/, x) IF A((x; a; y)
) since the relevant data can be read off from the shorter notation. 
PROOF. This follows from the previous theorem, by considering the equivalence at a terminal object in S.
H REMARK 3.7. The above completeness proof is entirely constructive and can be formalised in a predicative metatheory. It goes through for any first order theory which has at least one closed term. For more details see [6] . Note that according to this definition, the formerly given category S is in fact a full subcategory of F consisting of the filter bases with no indices, i.e., trivial filter bases. LEMMA 
We recall the notion of elementary embedding between first order structures living

The category F has allfinite limits.
PROOF. The category axioms follows by intuitionistic logic, once we know that composition is well defined and respects -HA. This is left for the reader to check.
To construct the pullback of two arrows A (y, ,) ..Yn). i=1 PROOF. The proof proceeds by induction on A and it is analogous to that of Theorem 3.5 above and Lemma 2.2 in [5] . We do the case of universal quantification as an illustration. Let A (x) = Vy B (x, y) . Suppose Y 1F A (a 1, .... , an) 
We have inclusion morphisms a : -+k > A. By (9) the family (a g'k > 0)1m-is a covering. Thus it suffices to show
This follows by monotonicity from the assumption, since 3 o a7 is constant k as a morphism in [NJ (Skk).
A
The following result states that formulas VSty A are respresentable in case A is arithmetical. COROLLARY A (a, y) Finally (NC) is checked analogously to Proposition 2.5 of [5] . A COROLLARY 4.11. The theory HAI,, + (NC) is a conservative extension of HA. A REMARKS 4.12. We note that all the constructions of this section work if we start out with PA instead of HA as the theory. The corresponding site of filter bases is denoted Fc. Let PAIW,, be as HAI,, except that the principle of excluded middle is assumed for all arithmetical formulas. This theory extended with (NC) is modelled by Sh(F,) and is hence a conservative extension of PA. Note that this proves that (TR) does not hold in Sh(Fc), since the infinitary rule would then yield the false conclusion that PA is co-complete. 
For an element a E [NJ (Y) and an arithmeticalformula A (x, y), i7 I 1 VSly
